Trigonometric ldentities:

Key Points:

e Fundamental Identities:
cos? 0+ sin® 6 = 1
Pythagorean identities 1+ cot” @ = csc” @
1 + tan? 8 = sec? 8
tan(—f) = —tan @
cot(—0) = —cot @
) » sin(—0) = —sin @
Even-odd identities
csc(—0) = —csc 0
cos(—@) = cos @
sec(—0) = sec 0
. _ 1
sin 6 = cse 0
_ 1
cos 6 = sec 0
tan 6 = cotl 0
Reciprocal identities |
csc 0 = =
sin @
. _ 1
sec 0 = cos f
. _ 1
cot § = P
tan 8 = sin 8
Quotient identities CO? 0
cotp = b
sin @
sin # = cos(%—ﬁ)
cos 6 = sin (% -0)
tan 0 = cot(Z—0)
Cofunction identities -
cot § = [an(%—&)
sec @ = csc (% -0)
csc @ = sec (% —9)
e Sum and Difference Identities

Sum Formula for Cosine

Difference Formula for Cosine

Sum Formula for Sine

Difference Formula for Sine

Sum Formula for Tangent

Difference Formula for Tangent

cos(a+ ff)=cos a cos f—sin asin f
cos(a@— fi) =cos a cos fi+sin « sin f
sin(a+ f) =sin « cos f+cos a sin f

sin(a— f) =sin a cos #—cos « sin ff

_ tan a+tan f
tan (@ + f) = I—tan « tan B
tan (a —ﬂ) — tan a—tan f§

I+tan « tan f



e Double-Angle, Half-Angle, and Reduction Formulas:

sin(20) = 2sin 0 cos 0
cos(20) = cos?@ —sin?0
Double-angle formulas I —2sin”0
= 2cos?0—1
_ 2tan 68
tan(29) T I—tan20
sin2g = 1—&.025(20)
. ) 1+cos(28
Reduction formulas cos“f = m;( )
2 _ l—cos(28)
tan"0 = 1+cos(28)
sin % = + —w\ a
cos % - ]+cos o
Half-angle formulas tan & = . /l=cosa
2 =V T+cos a
— sin_a
I+cos «
— 1-cos a
sin

e Sum-to-Product and Product-to-Sum Formulas

cos a cos f = =[cos(a— )+ cos(a+ f)]

1
2
sin @ cos B = F[sin(a+ f) + sin(a — f)]
Product-to-sum Formulas ) ) :
sin @ sin f = E[cos{a — f) —cos(a + f)]
cos a sin f = % sin(a + B) — sin(a — )]
sin @+sin f = 25111(7/ ( )

+[.)

(=)
+)T’*)

cos a+cos f = ZCO‘S( 5 )cos(“;—ﬂ)

sin a—sin f§ = 2 sin(Tﬁ)
Sum-to-product Formulas p

cos a—cos fi —2 sin

Q/"‘"\
/—\

e There are multiple ways to represent a trigonometric expression. Verifying
the identities illustrates how expressions can be rewritten to simplify a
problem.

e Simplifying one side of the equation to equal the other side is another
method for verifying an identity.

e |t is often useful to begin on the more complex side of the equation

e \Verifying an identity may involve algebra with the fundamental identities.



Trigconometric ldentities Videos:

e \Verifying the Fundamental Trigonometric Ildentity: Examples 1-2

e \Verifying the Fundamental Trigonometric Identity: Examples 3-4

e Using the Sum and Difference Formulas: Examples 5-6

e Using the Sum and Difference Formulas: Examples 7-8

e Using the Double Angle Formulas: Examples 9-11

e Using the Reduction Formulas: Example 12

e Using the Half Angle Formulas: Example 13

e Expressing Products as Sum: Examples 14-16

e Expressing Sum as Product: Example 17
¢ Verifying an Identity: Example 18

Practice Exercises:

1. Use basic identities to simplify the expression.

1

secx

secXx cosX + cosx —

2. Determine if the given identities are equivalent.

(1 — cos?x)(1 + cos?x)

sin®x +sec?x—1=

cos® x
For exercises 3 -7 use the sum and difference identities:
3. Find the exact value of: tan (7—n)
12
4. Find the exact value of : sin(70°) cos(25") — cos(70") sin(25")
5. Prove the identity: cos(4x) — cos(3x) cos(x) = sin? x — 4 cos? x sin x
tan(%x)‘Ftan(%x)

6. Simplify the expression: 1_tan(%x) tan(%x)

7. Find the exact value of : tan (sin‘l(O) + sin™?! (%))


https://youtu.be/zQjQtqgKm10
https://mediaspace.minnstate.edu/media/Verifying+the+Fundamental+Trigonometric+Identity%3A+Examples+1-2/1_m4gvu9f0
https://mediaspace.minnstate.edu/media/Verifying+the+Fundamental+Trigonometric+Identity%3A+Examples+3-4/1_8nxrxsmy
https://mediaspace.minnstate.edu/media/Using+the+Sum+and+Difference+Formulas%3A+Examples+5-6/1_30epg7js
https://mediaspace.minnstate.edu/media/Using+the+Sum+and+Difference+Formulas%3A+Examples+7-8/1_c69x9h3h
https://mediaspace.minnstate.edu/media/Using+the+Double+Angle+Formulas%3A+Examples+9-11/1_jgj7zfyw
https://mediaspace.minnstate.edu/media/Using+the+Reduction+Formulas%3A+Example+12/1_g35glpnj
https://mediaspace.minnstate.edu/media/Using+the+Half+Angle+Formulas%3A+Example+13/1_s6dz3jr5
https://mediaspace.minnstate.edu/media/Expressing+Products+as+Sum%3A+Examples+14-16/1_rvyahu4d
https://mediaspace.minnstate.edu/media/Expressing+Sum+as+Product%3A+Example+17/1_gltfis5k
https://mediaspace.minnstate.edu/media/Verifying+an+Identity%3A+Example+18/1_eo0fx1xn

For exercises 8 — 12, use the Double-Angle, Half-Angle, and Reduction Formulas:

8. Find the exact value of : sin(260), cos(26) and tan(20) given sec(f) = — g and @ is in
the interval [0,27]

9. Find the exact value of sec (%ﬂ)

10. Use the following figure to find the value of :

(). 0 (2) 0 (£) s (2.0, ()

24

11. Verify the identity:  cot(x) cos(2x) = —sin(2x) + cot(x)

12. Rewrite the expression with no powers: tan® x sin® x

For exercises 13 =16, use Sum-to-Product and Product-to-Sum Formulas:

13. Find the exact value of: 2 sin (%T) sin (%)
14. Find the exact value of: sin (E) — sin (7—")
12 12

15. Change the function from the productto a sum:  sin(9x) cos(3x)

16. Change the function from sum to a product: sin(11x) + sin(2x)



Answers:

2. Yes

V2
4. —
2
5.
cos(4x) —cos(3x)cosx = cos(2x + 2x) — cos(x + 2x)cos x
= ¢o0s(2x) cos(2x) — sin(2x) sin(2x) — cos x cos(2x)cos x + sin x sin(2x)cos x
. 2 . . . .
= (coszx - 31n2x) — 4 cos®x sin®x — cos® x (coszx - 51r12x) +sin x(2)sin x cos X cos x
. 2 . . .
= (cos?x —sin®x)” — 4 cos?x sin®x — cos®x (cos®x — sin®x) + 2 sin’x cos®x
= cos*x —2 cosZx sin®x + sin*x — 4 cosZx sin®x — cos*x + cos?x sin®x + 2 sin?x cos?x
= gin*x —4 cos?x sin®x + cos?x sinx
= sin®x (sin?x + cos?x) — 4 cos?x sin’x
= sinx —4 cos?xsin®x
5
6. tan (— x)
8
V3
7. —
3
24 7 24
8. -_——,—
25 257 7
9. /2(2 +/2)
V2 7¥2 1 3 4 3
10. D R R
10" 10 "7°'5°'5° 4
11.
cotxcos(2x) = cotx (1 - ZSinzx)

= cotx — S95X (2)sin?x

SN xX
—2s8in x cos x + cot x
= —sin(2x) + cotx



12.

13.

14.

15.

16.

10 sin x—35 sin(3x)+sin(5x)
8(cos(2x)+1)

~|%

V2
2

%(sin(6x) + sin(12x))

2 sin (? x) cos (; x)



